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Approximation Algorithms
Find 𝛾 ⋅ 𝑶𝑷𝑻(𝐈)

Parameterized Algorithms
Find OPT(I) in 𝑓 𝑘 ⋅ I ை(ଵ) time(FPT)

relax the running time

Parameterized Approximation 
Algorithms
Find 𝛾 ⋅ 𝑶𝑷𝑻(𝐈) in 𝑓 𝑘 ⋅ I ை(ଵ) time

Optimization Problem
Input: I
Parameter: k
Goal: find OPT(I)

PCP Theorem for parameterized complexity?

Algorithmic results: 
Min-k-Cut[GLL18b, GLL18a, KL20, LSS20], k-Clustering[ABB+23], k-Means/k-Median[CGTS02, KMN+04, 
LS16, BPR+17, CGK+19, ANSW20], Vertex-Coloring[DHK05, Mar08], k-Path-Deletion[Lee19]

Hardness results:
k-SetCover[CHK13,CCK+17, CL19, KLM19, Lin19, KN21, LRSW23a], k-Clique[CHK13, CCK+17, Lin21, LRSW22, 
KK22, CFLL23, LRSW23b], k-Steiner Orientation[Wło20],Max-k-Coverage[Man20], k-Set-Intersection[Lin18, 
BKN21], k-Min-Distance-Code[Man20, BBE+21, BCGR23]



Probabilistically Checkable Proof

Proof : ∃n ∈ ℤ such that 
𝑚 = 2𝑛. Then we get
𝑚ଶ = 4𝑛ଶ = 2(2𝑛ଶ).

Theorem:
If m ∈ ℤ is even, then mଶ is even.

Probabilistically Checkable Proof: 
111100100111010111101011
101001110111100011110110
101111100001111100011010
100101010000000111001011
010010100100101000110101
110111001100100100010000
011110010100011111001011

PCP Verifier：
• randomly read 3 bits 
• 𝟏 − 𝝐 error probability

Naïve Verifier ：
• needs to check every bit

PCP Theorem(informal):
A polynomial time algorithm to convert a Naïve verifier to a PCP verifier.

n Poly(n)-Time



PCP Theorem: Proof View

PCP Theorem: 3SAT ∈ PCP1,1-𝜀[𝑂(log 𝑛),𝑂(1)]Σ=O(1)

V

𝜙

assignment

𝜙 ∈ 3SAT if there exists 
a satisfying assignment

PCP Theorem V’

Proof

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1

If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

𝜙

n n⋅polylog(n)



• MIP*=RE
• Quantum PCP

Meta-Complexity

Cryptocurrency

PCP

Hardness of Approximation

• Max 3-SAT

• Min Set Cover 

• Vertex Cover

• Max Clique

• Min Distance Code

• Shortest Vector Problem

• …

• Succinct Non-Interactive 
Argument of Knowledge

Quantum Computation

Property Testing

Coding Theory

• Locally Testable Code
• Locally Decodable Code

• Linearity Test
• Low Degree Test

• NP-hardness of Partial MCSP



PCP Theorem: Hardness of Approximation 

V’

𝜙

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1

If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

𝐂𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐭 𝐒𝐚𝐭𝐢𝐬𝐟𝐚𝐜𝐭𝐢𝐨𝐧 𝐏𝐫𝐨𝐛𝐥𝐞𝐦
Input: Π = 𝑋, Σ, Φ
• 𝑋: variables
• Σ: alphabet
• Φ: const-arity constraints
Question:
• ∃𝜎: 𝑋 → Σ satisfying all constraints?

𝑥௜

𝑥௝

𝑥௞

𝜙ଵ

𝜙ଶ

𝜙௠

val(Π):=max. fraction of constraints satisfied
by some assignment

𝟏 𝐯𝐬 𝜹  𝐠𝐚𝐩 𝐂𝐒𝐏
Input: a CSP instance Π = 𝑋, Σ, Φ
Goal: distinguish val(Π) = 1 vs val(Π)≤ 𝛿

…

PCP Theorem:
For Σ = O(1) and 𝑋 = 𝑛, there is no 𝑛ை(ଵ) time algorithm for (1 vs 0.9) gap CSP assuming P≠NP.

Φ 𝑋
Proof



Parameterized PCP: Hardness of Approximation 

V’

𝜙

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1

If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

𝐂𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐭 𝐒𝐚𝐭𝐢𝐬𝐟𝐚𝐜𝐭𝐢𝐨𝐧 𝐏𝐫𝐨𝐛𝐥𝐞𝐦
Input: Π = 𝑋, Σ, Φ
• 𝑋: variables
• Σ: alphabet
• Φ: const-arity constraints
Question:
• ∃𝜎: 𝑋 → Σ satisfying all constraints?

𝑥௜

𝑥௝

𝑥௞

𝜙ଵ

𝜙ଶ

𝜙௠

val(Π):=max. fraction of constraints satisfied
by some assignment

𝟏 𝐯𝐬 𝜹  𝐠𝐚𝐩 𝐂𝐒𝐏
Input: a CSP instance Π = 𝑋, Σ, Φ
Goal: distinguish val(Π) = 1 vs val(Π)≤ 𝛿

…

Φ 𝑋
Proof

PIH (Parameterized Inapproximability Hypothesis) [Lokshtanov-Ramanujan-Saurabh-Zehavi’20]:
Let 𝑘 = |𝑋| and 𝑛 = |Σ|, there is no 𝑓(𝑘) ȉ 𝑛ை(ଵ) time algorithm for (1 vs 0.9) gap parameterized CSP.



[GLRSW24]: ETH PIH

V

𝜙

n

𝜙 ∈ 3SAT iff there exists 
a satisfying assignment

V’

assignment

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1
If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

n/k

𝜙

proof

2௞ర

Classical PCP: 
O(n⋅polylog(n)/k) 

Parameterized PCP (Proof View):
• Proof has f(k) lines
• Each line has n/g(k) bits
• randomly read O(1) lines

𝒇 𝒌 𝒏𝑶(𝟏)-time

ETH: n-variable 3SAT requires 2ஐ(௡)-time



[This work]: short Parameterized PCP

V

𝜙

n

𝜙 ∈ 3SAT iff there exists 
a satisfying assignment

V’

assignment

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1
If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

n/k

𝜙

proof

2௞ర

nlogk/k

𝒌 ⋅ 𝟐𝑶( 𝒍𝒐𝒈𝒌 𝒍𝒐𝒈𝒍𝒐𝒈𝒌)

Poly(n,𝒌)-time



Applications

Hardness Approximation 
Ratio

Lower BoundAssumptionProblem

Some 𝜖 ∈ (0,1)no 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)ETHk-variable n-alphabet CSP

Any constantno 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)ETHk-Clique 

Some 𝜖 ∈ (0,1)no 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)ETHMax-k-Coverage

Some 𝜌 > 1no 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)ETHk-Exact-Cover

Improved to 𝒏
𝒌

𝒑𝒐𝒍𝒚𝒍𝒐𝒈𝒌 by 
[Bafna, Karthik, Minzer STOC’25].
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Proof Overview

V

𝜙

n

𝜙 ∈ 3SAT iff there exists 
a satisfying assignment

assignment

𝒌 ⋅ 𝟐𝑶( 𝒍𝒐𝒈𝒌 𝒍𝒐𝒈𝒍𝒐𝒈𝒌)

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1 
If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

nlogk/k

O(𝑘)

𝜙ଵ

𝜙ଶ

𝜙௙(௞)

…

Φ

𝑋

CSP instance Π

𝑥௜

𝑥௝

𝑥௞

If 𝜙 ∈ 3SAT then val(Π) = 1
If 𝜙 ∉ 3SAT then val(Π) < 1

nlogk/k

Linear or Parallel

Vectorization Parallel PCPP

V’

…

proof



Vector-valued CSP

Vector-valued CSP
• Alphabet ： vector space 𝔽ௗ

• Constraints： divided into parallel part and linear part



3-SAT VecCSP

Goal: Given an n-variable O(n)-clauses 3-CNF, construct an equivalent VecCSP

[GLRSW24]: O(𝒌𝟐)-variable (𝒏/𝒌)-dimension VecCSP

[This work]: use results in [Mar10,KMPS23,CDNW25] to get O(𝒌)-variable (
𝒏⋅𝐥𝐨𝐠 𝒌

𝒌
)-dimension VecCSP



Proof Overview

V

𝜙

n

𝜙 ∈3SAT iff there exists 
a satisfying assignment

assignment

𝒌 ⋅ 𝟐𝑶( 𝒍𝒐𝒈𝒌 𝒍𝒐𝒈𝒍𝒐𝒈𝒌)

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1 
If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

nlogk/k

O(𝑘)

𝜙ଵ

𝜙ଶ

𝜙௙(௞)

…

Φ

𝑋

CSP instance Π

𝑥௜

𝑥௝

𝑥௞

If 𝜙 ∈3SAT then val(Π) = 1
If 𝜙 ∉3SAT then val(Π) < 1

nlogk/k

Linear or Parallel

Vectorization Parallel PCPP

V’

…

proof



PCP of Proximity 

an encoding of 𝑥
proof that 𝑥

satisfies parallel
proof that 𝑥

satisfies linear
final proof:

PCPP verifier for parallel 

PCPP verifier for linear 

• Suppose Alice wants to convince you that a VecCSP instance 𝜞 is satisfiable.

• She could give you a proof that the parallel part is satisfiable, and a proof that the 
linear part is satisfiable.

• Wait! How to ensure the two parts share the same solution?

• We need PCP of proximity! The statement to prove is not “𝜞 is satisfiable”, but 

“𝒙 is (the encoding of) a solution to 𝜞”!



Problem
Assumption
Lower Bound
k-variable n-alphabet CSP
ETH

no 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)

k-Clique 
ETH

no 𝑓(𝑘) ȉ 𝑛௞భష೚(భ)

Parallel Encoding 

𝑥ଵ 𝑥ଶ 𝑥௞

…

𝔽௧

∈

𝔽௧

∈

𝔽௧

∈

Given a vector-valued CSP with variables {𝑥ଵ, … , 𝑥௞}:

𝑦ଵ 𝑦ଶ 𝑦𝔽 
೘

…

𝔽௧
∈

𝔽௧

∈

𝔽௧

∈

Parameter blow-up:Code

𝑘 → |𝔽|௞Hadamard Code: 𝔽 
௞ → 𝔽 

|𝔽|ೖ
[GLRSW24]:

௠ାௗ
ௗ

= 𝑘 → |𝔽 |
௠ = 𝑘2ை(୪୭୥ ୪୭୥ ௞ ୪୭୥ ௞)Reed Muler Code:  𝔽 

| ೘శ೏
೏ |

→ 𝔽 
|𝔽|೘

𝑚 = log 𝑘 , 𝑑 = log 𝑘 2ை( ୪୭୥ ௞),
𝑚 + 𝑑

𝑑
= 𝑘, 𝔽 = 𝑂(𝑚𝑑)

[This work]:



PCPP for the Parallel Part

RM(𝒙ଵ) 𝜋ଵ

𝑥ଵ 𝑥ଶ 𝑥௞

…

𝔽௧

∈

𝔽௧

∈

𝔽௧

∈

the same circuit C!

𝑥ଵ ≜

𝑥௧ ≜

… … …

RM(𝒙௧) 𝜋ௗ

PCPP verifier

[BGH+06]:Circuit-SAT has PCPP 

𝜋 ≤ xᇱ ⋅ 2୪୭୥బ.భ |௫ᇱ|

It can be applied parallel!C

𝑥

C(x)=1 iff
x is a solution

x’=RM(𝑥)

C’

C’(x’)=1 iff x’ is RM-code 
of a solution to C

x’=RM(𝑥) 𝜋 

V

PCPP for C’(x’)=1



PCPP for the Linear Part

𝑦ଵ = 𝑀ଵ𝑥ଵ

𝑦ଶ = 𝑀ଶ𝑥ଶ

𝑦௞ = 𝑀௞𝑥௞

…

Linear Constraints degree-d R𝑀 : 𝔽 
௞ → 𝔽 

|𝔽 |
೘

, where k = ௠ାௗ
ௗ

R𝑀 (𝒚𝟏 … , 𝒚𝒌)=(𝒚𝟏 … , 𝒚𝒌, y௞ାଵ … , y|𝔽 |
೘)

Systematic part

R𝑀 (𝒙𝟏 … , 𝒙𝒌)=(𝒙𝟏 … , 𝒙𝒌, x௞ାଵ … , x|𝔽 |
೘)

𝒛 = (𝑦ଵ … , 𝑦|𝔽 |
೘)- (𝑀ଵ𝑥ଵ, … , 𝑀|𝔽 |

೘𝑥|𝔽 |
೘)

R𝑀 (𝑴𝟏 … , 𝑴𝒌)=(𝑴𝟏 … , 𝑴𝒌, 𝑀௞ାଵ … , 𝑀|𝔽 |
೘)

Fact II. If 𝒛ො and 𝒛 are truth-tables of degree-2d polynomials and 𝒛ො ≠ 𝒛, then
Pr

క∈𝔽೘
[𝒛ො[𝜉] ≠ z[𝜉]] ≥ 1 − 𝑂(𝑑/|𝔽|).

Linear Constraints are satisfied if
1) 𝒚ෝ, 𝒙ෝ,𝒛ො are close to some RM codes.
2) the first k entries of the RM code 𝒛ො close to are zeros.
3) the RM code 𝒛ො close to is 𝒛.

Fact I. 𝒛 is a codeword of degree-2d RM and 𝒛 =(0 … , 0, z௞ାଵ … , z|𝔽 |
೘) if the linear constraints are satisfied. 

k

Same as parallel constraints

Can be checked by randomly picking 𝜉 ∈ 𝔽௠

𝜋 𝒚ෝ =RM(𝑦ଵ … , 𝑦௞) 𝒛ො = 𝒛𝒙ෝ =RM(𝑥ଵ … , 𝑥௞)

PCPP verifier for linear 
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[This work]: short Parameterized PCP

V

𝜙

n

𝜙 ∈ 3SAT iff there exists 
a satisfying assignment

V’

assignment

If 𝜙 ∈ 3SAT then ∃ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 = 1
If 𝜙 ∉ 3SAT then ∀ proof Pr 𝑉ᇱ𝑎𝑐𝑐𝑒𝑝𝑡 ≤ 1 − 𝜖

…

n/k

𝜙

proof

2௞ర

nlogk/k

𝒌 ⋅ 𝟐𝑶( 𝒍𝒐𝒈𝒌 𝒍𝒐𝒈𝒍𝒐𝒈𝒌)

Poly(n,𝒌)-time



Open Question: W[1]≠FPT PIH

𝑘′

𝜙′ଵ

𝜙′ଶ

𝜙′௚(௞)
…

Φ′

𝑋′

If val(Π) = 1 then val(Π′) = 1
If val(Π) < 1 then val(Π′) ≤ 1 − 𝜖

CSP instance Π′

𝑥௜

𝑥௝

𝑥௞

𝑘

𝜙ଵ

𝜙ଶ

𝜙௙(௞)

…

Φ

𝑋

CSP instance Π

𝑥௜

𝑥௝

𝑥௞

FPT？

• 𝒇 𝒌 𝒏𝑶(𝟏)-time
• k’=g(k)



Thank you


